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L2-HOMOLOGY FOR COMPACT QUANTUM GROUPS
DAVID KYED
Abstrat. A notion of L2-homology for ompat quantum groups is intro-
dued, generalizing the lassial notion for ountable, disrete groups. If the
ompat quantum group in question has traial Haar state, it is possible to
dene its L2-Betti numbers and Novikov-Shubin invariants/apaities. It is
proved that these L2-Betti numbers vanish for the Gelfand dual of a ompat
Lie group and that the zeroth Novikov-Shubin invariant equals the dimension
of the underlying Lie group. Finally, we relate our approah to the approah
of A. Connes and D. Shlyakhtenko by proving that the L2-Betti numbers of
a ompat quantum group, with traial Haar state, are equal to the Connes-
Shlyakhtenko L2-Betti numbers of its Hopf ∗-algebra of matrix oeients.
1. Introdution and definitions
The notion of L2-invariants was introdued by M. F. Atiyah in [Ati76℄ in the set-
ting of a Riemannian manifold endowed with a free, proper and oompat ation
of a disrete, ountable group. Later this notion was generalized by J. Cheeger
and M. Gromov in [CG86℄ and by W. Lük in [Lü98℄. The latter of these gen-
eralizations makes it possible to dene L2-homology and L2-Betti numbers of
an arbitrary topologial spae equipped with an arbitrary ation of a disrete,
ountable group Γ. In partiular, the L2-homology and L2-Betti numbers of Γ,
whih are dened in [Lü98℄ using the ation of Γ on EΓ, make sense and an be
expressed in the language of homologial algebra as
H(2)n (Γ) = Tor
CΓ
n (L (Γ),C) and β
(2)
n (Γ) = dimL (Γ)H
(2)
n (Γ),
where dimL (Γ)(·) is W. Lük's generalized Murray-von Neumann dimension in-
trodued in [Lü98℄. A detailed introdution to this dimension theory an be
found in [Lü02℄.
Consider now a ompat quantum group G = (A,∆) in the sense of S. L. Woro-
nowiz; i.e. A is a unital C∗-algebra and ∆: A→ A⊗A is a unital, oassoiative
∗-homomorphism satisfying a ertain non-degeneray ondition. We shall not
elaborate further on the notion of ompat quantum groups, but refer the reader
to the survey artiles [MVD98℄ and [KT99℄ for more details. Denote by h the
Haar state on G and by (A0,∆, S, ε) the Hopf ∗-algebra of matrix oeients
arising from irreduible orepresentations of G. We reall ([MVD98, Prop. 7.8℄)
that h is faithful on A0. Consider the GNS-representation πh of A on L
2(A, h)
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and denote by M the enveloping von Neumann algebra πh(A)
′′
. We then make
the following denition:
Denition 1.1. The n-th L2-homology of the ompat quantum group G = (A,∆)
is dened as
H(2)n (G) = Tor
A0
n (M ,C).
Here C is onsidered a left A0-module via the ounit ε and M is onsidered a
right A0-module via the natural inlusion πh : A0 → M . The groups H(2)n (G)
have a natural left M -module struture and when the Haar state h is traial we
may therefore dene the n-th L2-Betti number of G as
β(2)n (G) = dimM H
(2)
n (G),
where dimM (·) is W. Lük's extended dimension funtion arising from the exten-
sion to M of the traial Haar state h.
Similar to the algebrai extension of the notion of Murray-von Neumann di-
mension, the lassial notion of Novikov-Shubin invariants was transported to
an algebrai setting by W. Lük ([Lü97℄) using nitely presented modules, and
generalized to arbitrary modules by W. Lük, H. Reih and T. Shik in [LRS99℄.
This generalization was worked out using apaities whih are essentially inverses
of Novikov-Shubin invariants (f. [LRS99, Setion 2℄). In partiular, they dened
the n-th apaity of a disrete ountable group Γ as cn(Γ) = c(H
(2)
n (Γ)), the
right-hand side being the apaity of the n-th L2-homology of Γ onsidered as a
left module over the group von Neumann algebra L (Γ). Following this approah
we make the following denition:
Denition 1.2. If h is traial we dene the n-th apaity of G as cn(G) =
c(H
(2)
n (G)).
To justify Denition 1.1 and Denition 1.2 we prove the following:
Proposition 1.3. Let Γ be a ountable disrete group and onsider the ompat
quantum group G = (C∗red(Γ),∆red) where ∆red is dened by ∆redλγ = λγ ⊗ λγ
and λ denotes the left regular representation of Γ. Then H
(2)
n (G) = H
(2)
n (Γ) and
in partiular
β(2)n (G) = β
(2)
n (Γ) and cn(G) = cn(Γ),
for all n ∈ N0.
Here, and in what follows, N0 denotes the set of non-negative integers.
Proof. Sine the Haar state on G is the trae state τ(x) = 〈xδe |δe〉, the GNS-
ation of C∗red(Γ) on L
2(C∗red(Γ), τ) is naturally identied with the standard ation
of C∗red(Γ) on ℓ
2(Γ). Note that eah λγ is a one-dimensional (hene irreduible)
orepresentation of G and that these span a dense subspae in L2(C∗red(Γ), h) ≃
ℓ2(Γ). It now follows from the quantum Peter-Weyl Theorem ([KT99, Thm. 3.2.3℄)
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that the Hopf ∗-algebra of matrix oeients oinides with λ(CΓ) and from this
we see that the ounit oinides with the trivial representation of Γ. Thus
H(2)n (G) = Tor
(C∗red(Γ))0
n (L (Γ),C) = Tor
CΓ
n (L (Γ),C) = H
(2)
n (Γ).

In the following setions we shall fous on omputations of L2-invariants for
some onrete ompat quantum groups. More preisely, the paper is organized
as follows: In Setion 2 we fous on the zeroth L2-Betti number and apaity
and prove that if the ompat quantum group in question is the Gelfand dual
C(G) of a ompat Lie group G with dim(G) ≥ 1, then the zeroth L2-Betti
number vanishes and the zeroth apaity equals the inverse of dim(G). Setion
3 is devoted to proving that also the higher L2-Betti numbers of the abelian
quantum group C(G) vanish in the ase when G is a ompat, onneted Lie
group. In Setion 4 we prove that the L2-Betti numbers of a ompat quantum
group G = (A,∆) with traial Haar state h are equal to the Connes-Shlyakhtenko
L2-Betti numbers (see [CS05℄) of the traial ∗-algebra (A0, h).
Aknowledgements. I wish to thank my supervisor Ryszard Nest for suggesting
that I study L2-invariants in the ontext of quantum groups, and for the many
disussions and ideas about the subjet along the way. Moreover, I thank the
people at the Mathematis department in Göttingen for their hospitality during
the early summer of 2006 where parts of the work were arried out.
Notation. All tensor produts between C∗-algebras ourring in the following are
assumed to be minimal/spatial. These will be denoted ⊗ while tensor produts
in the ategory of Hilbert spaes and the ategory of von Neumann algebras will
be denoted ⊗¯. Algebrai tensor produts will be denoted ⊙.
2. The zeroth L2-invariants
In this setion we fous on the zeroth L2-Betti number and apaity. The rst
aim is to prove that the zeroth L2-Betti number of a ompat quantum group,
whose enveloping von Neumann algebra is a nite fator, vanishes. After that we
ompute the zeroth L2-Betti number and apaity for Gelfand duals of ompat
Lie groups and nally we study the L2-invariants of nite dimensional quantum
groups.
2.1. The fator ase. In this subsetion we investigate the ase when the en-
veloping von Neumann algebra is a nite fator. First a small observation.
Observation 2.1. Let M be a von Neumann algebra and let A0 be a strongly
dense ∗-subalgebra of M . Let J0 be a two-sided ideal in A0 and denote by J the
left ideal in M generated by J0. Then the strong operator losure J¯ is a two-sided
ideal in M . Clearly J¯ is a left ideal and beause A0 is dense in M we get that
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xm ∈ J¯ whenever x ∈ J and m ∈ M . From this it follows that J¯ is also a right
ideal in M .
The following proposition should be ompared to [CS05, Cor. 2.8℄.
Proposition 2.2. Let G = (A,∆) be a ompat quantum group with traial Haar
state h. Denote by πh the GNS-representation of A on L
2(A, h) and assume that
M = πh(A0)
′′
is a fator. If A 6= C then β(2)0 (G) = 0.
Proof. First note that
H
(2)
0 (G) = Tor
A0
0 (M ,C) ≃ M ⊙
A0
C ≃ M /J,
where J is the left ideal in M generated by πh(ker(ε)). Sine the ounit ε : A0 →
C is a ∗-homomorphism its kernel is a two-sided ideal in A0, and by Observation
2.1 we onlude that the strong losure J¯ is a two-sided ideal in M . Sine A 6= C
the kernel of ε is non-trivial and hene J¯ is nontrivial. Any nite fator is simple
([KR86, Cor. 6.8.4℄) and therefore J¯ = M . Now note that
J ⊆ J¯ ⊆ Jalg =
⋂
f∈HomM (M ,M )
J⊆ker(f)
ker(f).
Sine M is nitely (singly) generated as an M -module, [Lü98, Thm. 0.6℄ implies
that dimM (J) = dimM (J
alg
) and thus
dimM (J) = dimM (J¯) = dimM (M ) = 1.
Additivity of the dimension funtion ([Lü98, Thm. 0.6℄) now yields the desired
onlusion.

Denote by Ao(n) the free orthogonal quantum group. The underlying C
∗
-
algebra A is the universal, unital C∗-algebra generated by n2 elements {uij |
1 ≤ i, j ≤ n} subjet to the relations making the matrix (uij) orthogonal. The
omultipliation is dened by
∆(uij) =
n∑
k=1
uik ⊗ ukj
and the antipode S : A0 → A0 by S(uij) = uji. These quantum groups were
disovered by S. Wang in [Wan95℄ and studied further by T. Bania in [Ban96℄.
See also [BC07℄ and [VV07℄.
Corollary 2.3. For n ≥ 3 we have β(2)0 (Ao(n)) = 0.
Proof. Denote by (uij) the fundamental orepresentation of Ao(n). Sine S(uij) =
uji we have S
2 = idA0 and therefore the Haar state h is traial ([KS97, p. 424℄).
By [VV07, Thm. 7.1℄ the enveloping von Neumann algebra πh(A0)
′′
is a II1-fator
and Proposition 2.2 applies. 
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2.2. The ommutative ase. Next we want to investigate the ommutative
quantum groups. Consider a ompat group G and the assoiated abelian,
ompat quantum group G = (C(G),∆c). Reall that the omultipliation
∆c : C(G)→ C(G)⊗ C(G) = C(G×G) is dened by
∆c(f)(s, t) = f(st),
and that the Haar state and ounit are given, respetively, by integration against
the Haar probability measure and by evaluation at the identity. In the ase
when G is a onneted abelian Lie group then G is isomorphi to Tm for some
m ∈ N ([Kna02, Cor. 1.103℄) and therefore the Pontryagin dual group is Zm.
Moreover, the Fourier transform is an isomorphism of quantum groups between
G = (C(Tm),∆c) and (C
∗
red(Z
m),∆red). In partiular we have, by Proposition
1.3, that β
(2)
0 (G) = β
(2)
0 (Z
m) = 0 and
c0(G) = c0(Z
m) =
1
m
=
1
dim(G)
,
where the seond equality follows from [LRS99, Thm. 3.7℄. This motivates the
following result.
Theorem 2.4. Let G be a ompat Lie group with dim(G) ≥ 1 and Haar
probability measure µ. Denote by G the orresponding ompat quantum group
(C(G),∆c). Then H
(2)
0 (G) is a nitely presented and zero-dimensional L
∞(G, µ)-
module, in partiular β
(2)
0 (G) = 0, and
c0(G) =
1
dim(G)
.
Here dim(G) is the dimension of G onsidered as a real manifold.
For the proof we will need a ouple of lemmas/observations probably well
known to most readers. The rst one is a purely measure theoreti result.
Lemma 2.5. Let (X, µ) be measure spae and onsider [f1], . . . , [fn] ∈ L∞(X,R).
If we denote by f the funtion
X ∋ x 7−→
√
f1(x)2 + · · ·+ fn(x)2 ∈ R,
then the ideal 〈[f1], . . . , [fn]〉 in L∞(X,C) generated by the [fi]'s is equal to the
ideal 〈[f ]〉 generated by [f ].
Here, and in the sequel, [g] denotes the lass in L∞(X,C) of a given funtion
g.
Proof. Consider the real-valued representatives f1, . . . , fn. Put
Ni = {x ∈ X | fi(x) = 0} and N = ∩iNi.
Note that N is exatly the set of zeros for f .
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⊆. Let i ∈ {1, . . . , n} be given. We seek [T ] ∈ L∞(X,C) suh that [fi] = [T ][f ].
The set N may be disregarded sine fi is zero here. Outside of N we may write
fi(x) =
fi(x)
f(x)
f(x),
and we have | fi(x)
f(x)
| =
√
fi(x)2P
j fj(x)
2 ≤ 1. The funtion
T (x) =
{
0 if x ∈ N ;
fi(x)
f(x)
if x ∈ X \N ,
therefore denes a lass [T ] in L∞(X,C) with the required properties.
⊇. We must nd [T1], . . . , [Tn] ∈ L∞(X,C) suh that
f(x) = T1(x)f1(x) + · · ·+ Tn(x)fn(x) for µ-almost all x ∈ X. (1)
For any hoie of T1, . . . , Tn both left- and right-hand side of (1) is zero when
x ∈ N , and it is therefore suient to dene T1, . . . , Tn outside of N . Choose a
disjoint measurable partition of X \N into n sets A1, . . . , An suh that
|fk(x)| = max
i
|fi(x)| > 0 when x ∈ Ak.
Then 1− χ
N
=
∑n
i=1 χAi and for x /∈ N we therefore have
f(x) =
n∑
i=1
χ
Ai
(x)f(x) =
n∑
i=1
(
χ
Ai
(x)
f(x)
fi(x)
)
fi(x),
and
|χ
Ai
(x)
f(x)
fi(x)
| = χ
Ai
(x)
√∑
j fj(x)
2
fi(x)2
≤ √n.
Hene the funtions T1, . . . , Tn dened by
Ti(x) =
{
0 if x ∈ N ;
χ
Ai
(x) f(x)
fi(x)
if x ∈ X \N ,
determines lasses [T1], . . . , [Tn] in L
∞(X,C) with the required properties. 
Observation 2.6. Every ompat Lie group G has a faithful representation in
GLn(C) for some n ∈ N and for suh a representation π it holds that the algebra
of all matrix oeients C(G)0 is generated by the real and imaginary parts of
the matrix oeients of π. The existene of a faithful representation π follows
from [Kna02, Cor. 4.22℄. Denote by πkl its omplex matrix oeients. The fat
that C(G)0 is generated by the set
{Re(πkl), Im(πkl) | 1 ≤ k, l ≤ n}
is the ontent of [Che46, VI, Prop. 3℄.
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Observation 2.7. Let A be a unital C-algebra generated by elements x1, . . . , xn.
If ε : A→ C is a unital algebra homomorphism then ker(ε) is the two-sided ideal
generated by the elements x1−ε(x1), . . . , xn−ε(xn). This essentially follows from
the formula
ab− ε(ab) = (a− ε(a))b+ ε(a)(b− ε(b))
Observation 2.8. Denote by gln(C) = Mn(C) the Lie algebra of GLn(C) and by
exp the exponential funtion
gln(C) ∋ X 7−→
∞∑
k=0
Xk
k!
∈ GLn(C),
and onsider the map f : Mn(C)→Mn(C) given by f(X) = exp(X)−1. For any
norm ‖ · ‖ on Mn(C) there exist r, R > 0 and λ0 ∈]0, 12 ] suh that the following
holds: If X ∈Mn(C) has ‖X‖∞ ≤ 12 then for all λ ∈ [0, λ0] we have
• ‖X‖ ≤ λ⇒ ‖f(X)‖ ≤ Rλ
• ‖f(X)‖ ≤ λ⇒ ‖X‖ ≤ rλ
In the ase when the norm in question is the operator norm ‖ · ‖∞ this is proven,
with λ0 =
1
2
and R = r = 2, by onsidering the Taylor expansion around 0 for the
salar versions (i.e. n = 1) of f and f−1. Sine all norms on nite dimensional
vetor spaes are equivalent, the general statement follows from this.
We are now ready to give the proof of Theorem 2.4.
Proof of Theorem 2.4. By Observation 2.6, we may assume that G is ontained in
GLn(C) so that eah g ∈ G an be written as g = (xkl(g) + iykl(g))kl ∈ GLn(C).
Again by Observation 2.6, we have that A0 ⊆ A = C(G) is given by
A0 = AlgC(xkl, ykl | 1 ≤ k, l ≤ n),
where xkl and ykl are now onsidered as funtions on G. Sine ε : A0 → C is given
by evaluation at the identity have
ε(xkl) = ε(ykl) = 0 when k 6= l,
ε(xkk) = ε(1) = 1,
ε(ykk) = 0.
From Observation 2.7 we now get
ker(ε) = 〈xkl, ykl, xkk − 1, ykk | 1 ≤ k, l ≤ n, k 6= l〉 ⊆ A0.
Thus
H
(2)
0 (G) = Tor
A0
0 (L
∞(G),C) ≃ L∞(G) ⊙
A0
C ≃ L∞(G)/〈ker(ε)〉,
where 〈ker(ε)〉 is the ideal in L∞(G) generated by ker(ε) ⊆ A0. That is, the ideal
〈xkl, ykl, 1− xkk, ykk | 1 ≤ k, l ≤ n, k 6= l〉 ⊆ L∞(G),
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whih by Lemma 2.5 is the prinipal ideal generated by the (lass of the) funtion
f(g) =
√∑
k,l
(xkl(g)− δkl)2 + ykl(g)2.
Note that the zero-set for f onsists only of the identity 1 ∈ G and is therefore a
null-set with respet to the Haar measure. Hene we have a short exat sequene
0 −→ L∞(G) ·f−→ L∞(G) −→ H(2)0 (G) −→ 0. (2)
By additivity of the dimension funtion ([Lü98, Thm. 0.6℄), this means that
β
(2)
0 (G) = 0. Moreover, the short exat sequene (2) is a nite presentation of
H
(2)
0 (G) and hene this module has a Novikov-Shubin invariant α(H
(2)
0 (G)) (in
the sense of [Lü97, Setion 3℄) whih an be omputed using the spetral density
funtion
λ 7−→ h(χ
[0,λ2]
(f 2)) = µ({g ∈ G | f(g)2 ≤ λ2}).
Put Aλ = {g ∈ G | f(g)2 ≤ λ2}. Sine the zero-set for f is a µ-null-set we have
α(H
(2)
0 (G)) =

 lim infλց0
log(µ(Aλ))
log(λ)
if ∀λ > 0 : µ(Aλ) > 0;
∞+ otherwise.
Put m = dim(G) and hoose a linear identiation of the Lie algebra g of G with
Rm. By [War71, Thm. 3.31℄, we an hoose neighborhoods V ⊆ g and U ⊆ G,
around 0 and 1 respetively, suh that exp : V → U is a dieomorphism. This
means that
ϕ = (exp |V )−1 : U → V ⊆ g = Rm,
onstitutes a hart around 1 ∈ G. Assume without loss of generality that
V ⊆ g ∩ {x ∈ gln(C) | ‖x‖∞ ≤ 12}.
For g ∈ G we have
g ∈ Aλ ⇔
∑
k,l
(xkl(g)− δkl)2 + ykl(g)2 ≤ λ2
⇔ ‖1− g‖22 ≤ λ2
⇔ g ∈ Bλ(1),
where Bλ(1) is the losed λ-ball in (R
2n2 , ‖·‖2) with enter 1. Thus Aλ = G∩Bλ(1)
and we an therefore hoose λ0 ∈]0, 12 ] suh that Aλ0 ⊆ U . Let ω denote the
unique, positive, probability Haar volume form on G (see e.g. [Kna02, Thm. 8.21,
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8.23℄ or [Lee00, Cor. 15.7℄) and let λ ∈ [0, λ0]. Then
µ(Aλ) =
∫
G
χ
Aλ
dµ
=
∫
U
χ
Aλ
ω
=
∫
V
(χ
Aλ
◦ ϕ−1)(x1, . . . , xm)F (x1, . . . , xm) dx1 · · ·dxm
=
∫
ϕ(Aλ)
F (x1, . . . , xm) dx1 · · ·dxm,
where F : V → R is the unique positive funtion desribing ω in the loal oor-
dinates (U, ϕ). By onstrution we have F > 0 on all of V and sine ϕ(Aλ0) is a
ompat set there exist C, c > 0 suh that
c ≤ F (x1, . . . , xm) ≤ C for all (x1, . . . , xm) ∈ ϕ(Aλ0).
For any λ ∈ [0, λ0] we therefore have
cνm(ϕ(Aλ)) ≤ µ(Aλ) ≤ Cνm(ϕ(Aλ)), (3)
where νm denotes the Lebesgue measure in R
m = g. Sine Aλ = G ∩ Bλ(1) and
ϕ is (exp |V )−1, it follows from Observation 2.8 that there exist d,D > 0 and
λ1 ∈]0, λ0] suh that for all λ ∈ [0, λ1]
Bdλ(0) ∩ V ⊆ ϕ(Aλ) ⊆ BDλ(0) ∩ V.
Hene there exist d′, D′ > 0 suh that for all λ ∈ [0, λ1]
d′λm ≤ νm(ϕ(Aλ)) ≤ D′λm. (4)
From (3) and (4) we see that µ(Aλ) > 0 for λ ∈]0, λ1] and sine
lim
λց0
log(d′λm)
log(λ)
= lim
λց0
log(D′λm)
log(λ)
= m,
we also onlude that
α(H
(2)
0 (G)) = lim inf
λց0
log(µ(Aλ))
log(λ)
= m = dim(G).
By denition ([LRS99, Def. 2.2℄), the apaity of a nitely presented zero-dimen-
sional module is the inverse of its Novikov-Shubin invariant and thus
c0(G) = c(H
(2)
0 (G)) =
1
dim(G)
.

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2.3. The nite dimensional ase. In Theorem 2.4 above we only onsidered
ompat Lie groups of positive dimension. What is left is the ase when G is
nite. When G is nite the algebra C(G) is nite dimensional and we have
C(G)0 = C(G) = L
∞(G), whih implies vanishing of H
(2)
n (C(G),∆c) for n ≥ 1.
For n = 0 we get
H
(2)
0 (C(G),∆c) = C(G) ⊙
C(G)
C ≃ C(G)δe.
This proves that H
(2)
0 (C(G),∆c) is a nitely generated projetive C(G)-module
and hene
β
(2)
0 (C(G),∆c) = h(δe) =
∫
G
δe(g) dµ(g) =
1
|G| .
Projetivity of H
(2)
0 (C(G),∆c) implies (f. [LRS99℄) that c0(C(G),∆c) = 0
−
.
This argument generalizes in the following way.
Proposition 2.9. Let G = (A,∆) be a quantum group and assume that A has
nite linear dimension N . Then
β
(2)
0 (G) =
1
N
,
and β
(2)
n (G) = 0 for all n ≥ 1. Moreover, cn(G) = 0− for all n ∈ N0.
Proof. We rst note that for a nite dimensional (hene ompat) quantum group
the Haar state is automatially traial ([VD97, Thm. 2.2℄), so that the numerial
L2-invariants make sense. The fat that the higher L2-Betti numbers vanish is
a trivial onsequene of the fat that A is nite dimensional and therefore equal
to both A0 and its enveloping von Neumann algebra. To ompute the zeroth
L2-Betti number we ompute the zeroth L2-homology as
H
(2)
0 (G) = Tor
A
0 (A,C) ≃ A⊙
A
C = Ae,
where e is the projetion in A projeting onto the C-summand A/ ker(ε). Hene
β
(2)
0 (G) = dimAAe = h(e) =
1
N
,
where the last equality follows, for instane, from [Wor87, A.2℄.
Eah nite dimensional C∗-algebra is a semisimple ring and therefore all modules
over it are projetive. Hene all apaities of nite dimensional ompat quantum
groups are 0−. 
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3. A vanishing result in the ommutative ase
Throughout this setion, G denotes a ompat, onneted Lie group of dimen-
sion m ≥ 1 and µ denotes the Haar probability measure on G. We will also use
the following notation:
G = (C(G),∆c)
A = C(G)
A0 = The algebra of matrix oeients
A = L∞(G, µ)
U = The algebra of µ-measurable funtions on G nite almost everywhere
We aim to prove that β
(2)
n (G) = 0 for all n ≥ 1. Before doing this, a few
omments on the objets dened above. We rst note that U may be identied
with the algebra of operators aliated with A by [KR83, Thm. 5.6.4℄. In [Rei01℄
it is proved that there is a well dened dimension funtion dimU (·) for modules
over U satisfying properties similar to those enjoyed by dimM (·) (f. [Lü98,
Thm. 0.6℄). Moreover, by [Rei01, Thm. 3.1, Prop. 2.1℄ the funtor U ⊙A − is
exat and dimension-preserving from the ategory of A -modules to the ategory
of U -modules.
By [Kna02, Cor. 4.22℄, we know thatG an be faithfully represented inGLn(C) for
some n ∈ N. Sine GLn(C) is a real analyti group (in the sense of [Che46℄), this
implies that G has a unique analyti struture making any faithful representation
π analyti in the following sense: For any g ∈ G and any funtion ϕ analyti
around π(g) the funtion ϕ◦π is analyti around g. This is the ontent of [Che46℄
Chapter IV, XIV Proposition 1 and XIII Proposition 1. We now hoose some
xed faithful representation ofG inGLn(C) whih will be notationally suppressed
in the following. That is, we onsider G as an analyti subgroup of GLn(C).
Denote by {xkl, ykl | 1 ≤ k, l ≤ n} the natural 2n2 real funtions on GLn(C)
determining the analyti struture. As noted in Observation 2.6, the algebra A0
is generated by the restrition of the funtions xkl and ykl to G. Consider some
polynomial in the variables xkl and ykl; this is learly an analyti funtion on
GLn(C) and it therefore denes an analyti funtion on G by restrition. Thus
every funtion in A0 is analyti.
The following result is probably well known to experts in Lie theory, but we were
unable to nd a suitable referene.
Proposition 3.1. If f ∈ A0 is not onstantly zero then
µ({g ∈ G | f(g) = 0}) = 0.
Hene f is invertible in U .
For the proof we will need the following:
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Observation 3.2. Let V ⊆ Rn be onneted, onvex and open and assume that
f : V → R is analyti. If f is not onstantly zero on V then N = {x ∈ V |
f(x) = 0} is a set of Lebesgue measure 0. This is well known in the ase n = 1,
sine in this ase N is at most ountable. The general ase now follows from this
by indution on n.
Proof of Proposition 3.1. Sine f(x) = 0 i Re(f(x)) = Im(f(x)) = 0 we may
assume that f is real valued. Cover G with nitely many preompat, onneted,
analyti harts
(U1, ϕ1), . . . , (Ut, ϕt),
suh that ϕ(Ui) ⊆ Rm is onvex for eah i ∈ {1, . . . , t}. Using the loal oordi-
nates and the Haar volume form on G, it is not hard to see that
µ({g ∈ Ui | f(g) = 0}) = 0 ⇔ νm({x ∈ ϕi(Ui) | (f ◦ ϕ−1i )(x) = 0}) = 0. (5)
Here νm denotes the Lebesgue measure in R
m
. Sine f ◦ ϕ−1i is analyti it is (by
Observation 3.2) suient to prove that f is not identially zero on any hart.
Assume that f is onstantly zero on some hart (Ui1 , ϕi1). We then aim to show
that f is zero on all of G, ontraditing the assumption. If G = Ui1 there is
nothing to prove. If not, there exists i2 6= i1 suh that Ui1 ∩ Ui2 6= ∅, sine
otherwise we ould split G as the union
Ui1 ∪ (
⋃
i 6=i1
Ui)
of to disjoint, non-empty, open sets, ontraditing the fat that G is onneted.
Sine the intersetion Ui1 ∩ Ui2 is of positive measure and f is zero on it we
onlude, by Observation 3.2 and (5), that f is zero on all of Ui2 . If G = Ui1∪Ui2
we are done. If not, there exists i3 /∈ {i1, i2} suh that
Ui1 ∩ Ui3 6= ∅ or Ui2 ∩ Ui3 6= ∅,
sine otherwise G would be the union of two disjoint, non-empty, open sets. In
either ase we onlude that f is zero on all of Ui3 . Continuing in this way we
onlude that f is zero on all of G sine there are only nitely many harts. 
The main result in this setion is the following, whih should be ompared to
[CS05, Thm. 5.1℄.
Theorem 3.3. Let Z be any A0-module. Then for all n ≥ 1 we have
dimA Tor
A0
n (A , Z) = 0.
Proof. As noted in the beginning of this setion, we have
dimA Tor
A0
n (A , Z) = dimU (U ⊗
A
TorA0n (A , Z))
= dimU Tor
A0
n (U , Z).
We now aim to prove that TorA0n (U , Z) = 0. For this we rst prove the following
laim:
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Eah nitely generated A0-submodule in U is ontained in a nitely generated
free A0-submodule.
Let F be a non-trivial, nitely generated A0-submodule in U . We prove the
laim by (strong) indution on the minimal number n of generators. If n = 1
then F is generated by a single element ϕ 6= 0, and sine all elements in A0 \ {0}
are invertible in U (Proposition 3.1) the funtion ϕ onstitutes a basis for F .
Hene F itself is free. Assume now that the result is true for all submodules that
an be generated by n elements, and assume that F is a submodule with minimal
number of generators equal to n+1. Choose suh a minimal system of generators
ϕ1, . . . , ϕn+1. If these are linearly independent over A0 there is nothing to prove.
So assume that there exists a non-trivial tuple (a1, . . . , an+1) ∈ An+10 suh that
a1ϕ1 + · · ·+ an+1ϕn+1 = 0,
and assume, without loss of generality, that a1 6= 0. Dene F1 to be the A0-
submodule in U generated by
a−11 ϕ2, · · · , a−11 ϕn+1.
Then F ⊆ F1 and the minimal number of generators for F1 is a most n. By the
indution hypothesis, there exists a nitely generated free submodule F2 with
F1 ⊆ F2 and in partiular F ⊆ F2. This proves the laim.
Denote by (Fi)i∈I the system of all nitely generated free A0-submodules in
U . By the above laim, this set is direted with respet to inlusion. Sine any
module is the indutive limit of its nitely generated submodules, the laim also
implies that U , as an A0-module, is the indutive limit of the system (Fi)i∈I . But,
sine eah Fi is free (in partiular at) and sine Tor ommutes with indutive
limits we get
TorA0n (U , Z) = lim
→
i
TorA0n (Fi, Z) = 0,
for all n ≥ 1. 
Combining the results of Theorem 3.3 and Theorem 2.4 we get the following.
Corollary 3.4. If G is a ompat, non-trivial, onneted Lie group then
β(2)n (C(G),∆c) = 0,
for all n ∈ N0.
4. Relation to the Connes-Shlyakhtenko approah
In [CS05℄, A. Connes and D. Shlyakhtenko introdued a notion of L2-homology
and L2-Betti numbers in the setting of traial ∗-algebras. More preisely, if A is
a weakly dense ∗-subalgebra of a nite von Neumann algebra M with faithful,
normal, trae-state τ , they dened ([CS05, Def. 2.1℄)
H(2)n (A) = Tor
A⊙Aop
n (M ⊗¯M op, A) and β(2)n (A, τ) = dimM ⊗¯M op H(2)n (A).
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This generalizes the notion of L2-Betti numbers for groups in the sense that for
a disrete group Γ we have β
(2)
n (CΓ, τ) = β
(2)
n (Γ), as proven in [CS05, Prop. 2.3℄.
In this setion we relate the notion of L2-Betti numbers for quantum groups to
the Connes-Shlyakhtenko approah. More preisely we prove the following:
Theorem 4.1. Let G = (A,∆) be a ompat quantum group with traial Haar
state h and algebra of matrix oeients A0. Then, for all n ∈ N0, we have
β
(2)
n (G) = β
(2)
n (A0, h), where the latter is the n-th L
2
-Betti number of the traial
∗-algebra (A0, h) in the sense of [CS05℄.
For the proof of Theorem 4.1 we will need two small results. Denote by
S : A0 → A0 the antipode and by ε : A0 → C the ounit. Reall ([KS97, p. 424℄)
that the trae property of h implies that S2 = idA0 and hene that S is a ∗-anti-
isomorphism of A0. Denote by M the enveloping von Neumann algebra πh(A0)
′′
.
In the following we suppress the GNS-representation πh and put H = L
2(A, h).
Denote by H¯ the onjugate Hilbert spae, on whih the opposite algebra Aop0
ats as aop : ξ¯ 7→ a∗ξ.
Lemma 4.2. There exists a unitary V : H → H¯ suh that the map
B(H ) ⊇ A0 ∋ x ψ7−→ (Sx)op ∈ Aop0 ⊆ B(H¯ )
takes the form ψ(x) = V xV ∗. In partiular, ψ extends to a normal ∗-isomorphism
from M to M op.
Proof. Denote by η the inlusion A0 ⊆ H and note that sine A0 is norm dense
in A the set η(A0) is dense in H . We now dene the map V by
η(A0) ∋ η(x) V7−→ η(Sx∗) ∈ η(A0).
It is easy to see that V is linear and
‖V η(x)‖22 = ‖η(Sx∗)‖22
= 〈η(Sx∗)|η(Sx∗)〉
= h((Sx∗)∗S(x∗))
= h(S(x∗x))
= h(x∗x)
= ‖η(x)‖22,
and hene V maps the dense subspae η(A0) isometrially onto the dense subspae
η(A0). Thus, V extends to a unitary whih will also be denoted V . Clearly the
adjoint of V is determined by
η(x)
V ∗7−→ η(Sx∗).
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To see that V implements ψ we hoose some a ∈ A0 and alulate:
η(x)
V ∗7−→ η(Sx∗)
a7−→ η(aS(x∗))
V7−→ η(S(aS(x∗))∗)
= η((Sa∗)x)
= ψ(a)η(x).

Proposition 4.3. The map (id⊗ψ) ◦ ∆: A0 → A0 ⊙ Aop0 extends to a trae-
preserving ∗-homomorphism ϕ : M −→ M ⊗¯M op. Here ψ is the map onstruted
in Lemma 4.2 and M ⊗¯M op is endowed with the natural trae-state h⊗ hop.
Proof. The omultipliation is implemented by a multipliative unitary W ∈
B(H ⊗¯H ) in the sense that
∆(a) = W ∗(1⊗ a)W,
([KT99, page 60℄) and it therefore extends to a normal ∗-homomorphism, also
denoted∆, from M to M ⊗¯M . By Lemma 4.2, the map ψ : M → M op is normal
and therefore ϕ : M → M ⊗¯M op is well dened and normal. Sine ϕ is normal
and A0 is ultra-weakly dense in M it sues to see that ϕ is trae-preserving on
A0. So, let a ∈ A0 be given and write ∆a =
∑
i xi ⊗ yi ∈ A0 ⊙A0. We then have
(h⊗ hop)ϕ(a) = (h⊗ hop)(1⊗ ψ)(
∑
i
xi ⊗ yi)
= (h⊗ hop)(
∑
i
xi ⊗ (Syi)op)
=
∑
i
h(xi)h(yi) (h ◦ S = h)
= h(h⊗ id)∆(a)
= h(h(a)1A) (invariane of h)
= h(a).

We are now ready to give the proof of Theorem 4.1.
Proof of Theorem 4.1. By Proposition 4.3, we have that ϕ is a trae-preserving ∗-
homomorphism from M to M ⊗¯M op. Via ϕ we an therefore onsider M ⊗¯M op
as a right M -module and by [Sau02, Thm. 1.48, 3.18℄ we have that the funtor
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(M ⊗¯M op) ⊙M − is exat and dimension-preserving from the ategory of M -
modules to the ategory of M ⊗¯M op-modules. Hene
β(2)n (G) = dimM Tor
A0
n (M ,C)
= dimM ⊗¯M op(M ⊗¯M op) ⊙
M
TorA0n (M ,C)
= dimM ⊗¯M op Tor
A0
n (M ⊗¯M op,C).
By [HK05, Prop. 2.3℄ (see also [FT91℄), we have an isomorphism of vetor spaes
TorA0n (M ⊗¯M op,C) ≃ TorA0⊙A
op
0
n (M ⊗¯M op, A0), (6)
where on the right-hand side A0 ⊙ Aop0 ats on A0 in the trivial way and on
M ⊗¯M op via the natural inlusion M ⊗¯M op ⊇ A0 ⊙ Aop0 . This isomorphism
respets the natural left ation of M ⊗¯M op, sine on both sides of (6) only the
multipliation from the right on M ⊗¯M op is used to ompute the Tor-groups.
The right-hand side of (6) is, by denition, equal to the L2-homology of A0 in
the sense of [CS05℄ and the statement follows. 
Corollary 4.4. Let G be a non-trivial, ompat, onneted Lie group with Haar
measure µ and denote by A0 the algebra of matrix oeients arising from irre-
duible representations of G. Then, for all n ∈ N0, we have β(2)n (A0, dµ) = 0.
Proof. This follows from Theorem 4.1 and Corollary 3.4 in onjuntion 
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